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Abstract. Let k be an imaginary quadratic field, h the complex upper half plane, and let τ ∈ h ∩ k, q = e πiτ . For n, t ∈ Z + with 1 ≤ t ≤ n − 1, set n = z·2 l (z = 2, 3, 5, 7, 9, 13, 15) with l ≥ 0 integer. Then we show that Ramanujan discovered important q-series and theta series, and he further developed several profound theorems in the study of theta series. In this paper we shall examine certain family of algebraic numbers as values of infinite products constructed from his theta series by using Berndt's idea. Precisely speaking, let us consider the following theta series (1 − ab m ). We first obtain from these properties two lemmas (Lemma 2.1, Lemma 2.2) about algebraic numbers which can be derived from certain infinite products.
Next, Gelfond and Schneider ( [7] , [9] ) independently solved in 1949 the famous Hilbert 7-th problem concerning the transcendence of 2 √ 2 . They actually proved the following strong transcendence criterion. For α, β ∈ Q with α = 0, 1 and β ∈ Q, α β is transcendental. Therefore, for τ ∈ k∩h the Gelfond-Schneider theorem yields that e πα = (−1) −iα is transcendental whenever iα is algebraic of degree at least 2 over Q. This leads us to the fact that 
is an algebraic number for n = z · 2 l (z = 2, 3, 5, 7, 9, 13, 15) and l ≥ 0 using the properties of theta series and (1.1), which would be a generalization of our previous works ((1.2) and Lemma 2.0). On the other hand Sill recently investigated in [9] several properties for double sums and infinite products. By using his result we get 21 algebraic numbers as values of some double sums (Example 4.3). We also find in §5 certain algebraic numbers derived from the infinite products twisted by some root of unity (Theorem 5.1, 5.2, 5.3, 5.4).
Throughout the article we adopt the following notations:
• k an imaginary quadratic field • h the complex upper half plane
• Q the field of algebraic numbers 
Then, for later use, we recall the following fact that (2.0) for any τ ∈ k ∩ h the value φ α (τ ) is an algebraic integer, which divides |α| 12 ( [6] ).
Let n be an even integer and a be an odd integer with 1 ≤ a ≤ n − 1.
If
Proof.
) ∈ Q and the set of algebraic numbers is a field,
Lemma 2.2. Let t a ∈ Q.
(a) Let a, n ∈ Z + with n ≡ 0 (mod 4) and
Proof. (a) From the Berndt's formulae ([2, pp.35,46]) we deduce that
Multiplying both sides by q
It then follows from (2.0) that
And, by the assumption, (2.0), (2.2) and Lemma 2.1, we have
However, one can readily check that n + 2a ≡ 3n − 2a ≡ 2 (mod 4). Thus, replacing q 2 by q we get the conclusion. (b) It is similar to (a).
are transcendental numbers except 0.
Proof. By Lemma 2.1 we get that
And we see from [2, p.54] that
Now, replace a by ±q t and b by ±q n−t . Then we know from [5] 
∈ Q by the assumption, we have the corollary.
Put n = 2 and 3, respectively, in the first of (2.3). Then we obtain that
Proof. If t is an even integer, then there exists u such that t 2 u is an odd integer. Hence, we can check that
And, if q
Thus we may assume that t is an odd integer with 1 ≤ t ≤ 2 l − 1. We will proceed by induction on l. By Lemma 2.0 we know that 
We then see from (3.2) and (3.3) that each case of
). This completes the proof.
Corollary 3.2. Let l, n, t be positive integers with
Proof. 
Proof. We know that t or n−t is an odd integer. Thus we may assume that n−t is an odd integer. Since t and 2n − t are even integers, q
Proof. By Lemma 4.0, Lemma 2.2 and the similar arguments as in Theorem 3.1 we get the theorem.
Observe that by using the properties of theta series in [1] 
, are algebraic numbers. Therefore we are ready to justify the following theorem.
Theorem 4.2. Let n, t, l ∈ Z + with 1 ≤ t ≤ n − 1 and let n = z · 2 l (z = 3, 5, 7, 9, 13, 15).
(a) We will proceed by induction on l. It follows from (1.2), (4.7) and (4.8) that q aK (q t , q n ) ∈ Q for n = 3, 5, 7, 9, 13, 15. Then by using the same arguments as in Theorem 3.1 we can derive the conclusion. 
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. More algebraic numbers
In this section we consider a family of algebraic numbers for the infinite products twisted by some root of unity. 
are algebraic numbers with double signs in the same order.
6nK (−q n+t , q 3n ) ∈ Q by Lemma 2.1. On the other hand, we see from [3, p.144 ] that
with |ab| < 1. Thus, let a = q t and b = q n−t in (5.1). Then, multiplying both sides of (5.1) by q , the value on the right hand side of (5.2) is an algebraic number. Hence, we obtain the result. Similarly, setting a = −q t and b = −q n−t in (5.1) we can complete the proof. (1 ± ωq 3nm−(3n−t) )(1 ± ω 2 q 3nm−(n−t) )(1 ± ωq 3nm−(2n+t) ) with |ab| < 1. Set a = ±q t and b = ±q n−t in (5.3) with double signs in the same order. Then, by adopting the same arguments as in Theorem 5.1 we can derive the conclusion. (1±iq 2nm−(2n−t) )(1∓iq 2nm−(n−t) )(1±iq 2nm−(n+t) )(1∓iq 2nm−t )
Proof. It is immediate from Theorem 3.1, Theorem 4.2, and Theorem 5.3.
